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Abstract. We introduce a machine model for the execution of strategies in (regular) infinite games that refines the standard model of Mealy
automata. This model of controllers is formalized in the terminological
framework of Turing machines. We show how polynomially sized controllers can be found for Muller and Streett games. We are able to distinguish aspects of executing strategies (“size”, “latency”, “space consumption”) that are not visible in Mealy automata. Also, lower bound
results are obtained.
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Introduction

Strategies obtained from ω-regular games are used to obtain controllers for reactive systems. The controllers obtained in this way are transition systems with
output, also called Mealy machines. The physical implementation of such abstract transition systems raises interesting questions, starting with the observation that the naive implementation of a Mealy machine by a physical machine
(such as a circuit or a register machine) essentially amounts to encoding a large
case distinction based on the current input and state. This approach entails
considerable complexity challenges [1], as it essentially preserves the size of the
underlying Mealy machine. These machines are known to be large in general
[2]. This is reflected in the complexity of solving ω-regular games [3–6]. Optimization of Mealy machines has been investigated [7, 8], but must ultimately
obey the general bounds mentioned. These observations indicate that pursuing
a direct approach, without the detour via Mealy machines, in synthesizing controllers may be worthwhile. We propose a new model for reasoning about such
physical machines and their synthesis. This model, called a strategy machine, is
based on an appropriate format of Turing machines. The concept of a Turing
machine is widely used in theoretical scenarios to model computational systems,
such as [9]. A strategy machine is a multi-tape Turing machine with two distinguished tapes, one for input and output and another for storing information
from one computation to the next. Referring to a given game graph, the code of
?
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an input vertex appears on the IO-tape and an output is produced. The process
is then repeated. This model introduces new criteria for evaluating a strategy.
For example, it now makes sense to investigate the number of steps required to
transform an input into the corresponding output, called the latency. Likewise
we may ask how much information needs to be stored from the computation
of one output to the computation of the next output. Note that translating a
Mealy machine into this model entails the problems discussed above and yields
a machine of roughly equal size (the number of control states).
Introducing this model, we present initial results for two classes of ω-regular
games, namely Muller and Streett games. Building on Zielonka’s algorithm [10],
we show that, in both cases, we may construct strategy machines implementing a
winning strategy of an exponentially lower size than any Mealy machine winning
strategy: Both the size of the strategy machine and the amount of information
stored on the tape are bounded polynomially in the size of the arena and of the
winning condition (given by a propositional formula φ or a set of Streett pairs).
Moreover, for Streett games even the latency is bounded polynomially in these
parameters. For Muller games the latency is linear in the size of the enumerative
representation of the winning condition. We also present lower bounds for the
latency and space requirement by translating some well known results from the
theory of Mealy machine strategies to our model. This yields lower bounds for
Muller, Streett, and LTL games.
In related work1 , Madhusudan [11] considers the synthesis of reactive programs over Boolean variables. A machine executing such a program falls into
the model discussed above. The size of the program then loosely corresponds
to the number of control states. In the same way, the requirement of tape cells
loosely corresponds to the number of Boolean variables. The latency and space
requirement are not studied in [11].
The paper is an extended abstract of [12]. It is structured as follows. First,
we give a formal introduction of the Turing machine model mentioned above.
We formally define the parameters latency, space requirement, and size. Next,
we recall some elementary concepts of the theory of infinite two player zero-sum
games with ω-regular winning conditions. We show lower bounds for the latency
and space requirement of machines implementing winning strategies in Muller,
Streett, and LTL games. Then we develop an adaptive algorithm for Muller
games. This algorithm is based on Zielonka’s construction [10], using some ideas
from [2]. The latency and space consumption strongly depend on the way the
winning condition is given. We illustrate this fact by showing how the algorithm
can be used to obtain an efficient controller – that is, one with latency, size, and
space requirement bounded polynomially in the size of the arena and the winning
condition – if the winning condition is a Streett condition. This is promising,
because Streett conditions are more succinct than explicit Muller conditions.
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Strategy Machines – A Formal Model

The intuition of a strategy2 machine is that of a “black box” which receives
an input (a bit-string), does some internal computation and, at some point,
produces an output. It then receives the next input and so forth. We will refer
to such a sequence of steps – receive an input, compute, produce an output –
as an iteration. In general, it is allowed for such a machine to retain some part
of its current internal configuration from one iteration to the next. However,
it need not do so. Also, the amount of information (how this is quantified will
be discussed shortly) is a priori not subject to any restriction. In particular, a
strategy machine may require an ever growing amount of memory, increasing
from one iteration to the next, to store this information.
Our model of a strategy machine is a deterministic (k + 2)-tape Turing machine M, k ∈ = {1, 2, . . .}. The tapes have the following purpose. The first is
a designated IO-tape, responsible for input to and output from the machine. A
bit-string w ∈ ∗ , = {0, 1}, is the content of the IO-tape at the beginning of
an iteration. The machine M is also in a designated input-state at this point.
Next, M performs some computation in order to produce an output. During
this computation the remaining k + 1 tapes may be used. We first discuss the
k computation tapes. As the name suggests, these tapes are used – as in any
Turing machine – to store all the data needed for the computation of the output. The content of the computation tapes is deleted immediately before a new
iteration begins. In particular, they cannot be used to store information from
one iteration to the next. Storing such information is the purpose of the memory
tape. Its content is still available during the next iteration. In order to produce
an output, M will write this output, another bit-string, on the IO-tape. Then
it will enter a designated output-state. Let = ] {#}. We define:
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Definition 1 (k-tape Strategy Machine). A strategy machine is a deterministic (k + 2)-tape Turing machine M = (Q, , , qI , qO , δ) with two designated
states qI and qO , called the input-state and the output-state of M respectively.
We require the partial function δ : Q × k+2 99K Q × ( × {←, ↓, →})k+2 to be
undefined for all pairs (qO , b1 , . . . , bk+2 ) ∈ Q × k+2 . By definition, no transition leads into qI . The tapes of M are the input-output-tape (IO-tape) tIO , the
(i)
computation-tapes tcom , 1 ≤ i ≤ k, and the memory-tape tmem .
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Hereafter we assume k = 1 to simplify the notation. If k = 1, we simply write
(1)
tcom for tcom . Given a strategy machine M, we denote its size by kMk = |Q|−2.
The size is the number of states, not counting the input and output state. A
configuration c of M comprises the current state q(c), the contents of the IO-,
computation- and memory-tapes, tIO (c), tcom (c), and tmem (c), as well as the
current head positions hIO (c), hcom (c), and hmem (c) on the respective tapes. It
is defined as a tuple (q(c), tIO (c), tcom (c), tmem (c), hIO (c), hcom (c), hmem (c)) ∈
Q × ( ∗ )3 × 3 . The successor relation on configurations is defined as usual

B̂
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For a definition of a strategy, the reader may want to skip ahead to the next section.
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and denoted by `. Its transitive closure is denoted by `∗ . An iteration of
M is a sequence c1 , . . . , cl of configurations, such that for 1 ≤ i ≤ l − 1
we have ci ` ci+1 . It starts with c1 = (qI , x, , wmem , 0, 0, 0) and ends with
0
cl = (qO , y, w, wmem
, h, h0 , h00 ) for some elements x, y ∈ ∗ , arbitrary words
0
∗
w, wmem , wmem ∈
and integers h, h0 , h00 ∈ . We denote iterations by pairs
0
of configurations (c, c ), where the state in c is qI and that in c0 is qO . Since M
is deterministic, there exists at most one iteration from c to c0 (since qO has no
outgoing transitions and qI has no incoming transitions). If no such iteration
exists, the pair (c, c0 ) is an illegal iteration. Otherwise, it is a legal iteration.
Given a word u = x1 · · · xn ∈ A∗ , where A = ∗ , a run of M on u is
a sequence of legal iterations (c1 , c01 ), . . . , (cn , c0n ), such that tIO (ci ) = xi and
tmem (c0i ) = tmem (ci+1 ). By convention, tmem (c1 ) = . Note that, by the definition of an iteration, tcom (ci ) = ε and hcom (ci ) = hIO (ci ) = hmem (ci ) = 0. A
strategy machine M defines a function f : A → A, where f (x1 ) = tIO (c01 ). By
extension it defines a function fM : A∗ A → A, the function implemented by M.
The latency T (c, c0 ) of a legal iteration (c, c0 ) is the number of configurations
on the unique path from c to c0 . If the latency of all iterations in any run is
bounded by a constant, we define the latency T (M) of M to be the maximal
latency over all such (legal) iterations. Finally, we define the space requirement
S(c, c0 ) of a legal iteration (c, c0 ) to be the number of tape cells of tmem , visited
during that iteration. Again, the space consumption S(M) of M is the maximum
over all space consumptions, if such a maximum exists. Note that both latency
and space consumption refer to quantities needed to execute a single iteration,
between reading a ∈ A and outputting b ∈ A.
A Mealy machine is a tuple M = (M, Σ, m0 , δ, τ ) with states M , IO-alphabet
Σ, initial state m0 , transition function δ : M × Σ → M and output function
τ : M × Σ → Σ. By encoding Σ as a subset of ∗ and maintaining a table
of triples (m, x, δ(m, x)) and (m, x, τ (m, x)) in the state space, one obtains a
strategy machine M equivalent to M:
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Proposition 1 (Straightforward Simulation). For every Mealy machine
M = (M, Σ, m0 , δ, τ ) there exists an equivalent 1-tape strategy machine MM
of size kMM k ∈ O(|M | · |Σ|), space requirement S(MM ) ∈ O(log2 (|M |)), and
latency T (MM ) ∈ O(log2 (|M | · |Σ|)).
This illustrates the relationship between a strategy machine and a straightforward simulation of a Mealy machine by a Turing machine: The latter can be
seen as a special case of the former. Note also that the complexity hidden in the
size of Σ is exposed by this simulation.

3

Basics on Games

We fix the notation and terminology on ω-regular games. We assume the reader
is familiar with these concepts. An introduction can be found in e.g. [13–15].
An infinite two player game (in this paper simply called a game) is a tuple
G = (A, ϕ) with an arena A = (V, E) and a winning condition ϕ ⊆ V ω . An
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arena is a directed graph A with the property that every vertex has an outgoing
edge. We assume that there is a partition V = V0 ] V1 of the vertex set. There
are two players, called player 0 and player 1. Given an initial vertex v0 ∈ V , they
proceed as follows. If v0 ∈ V0 , player 0 chooses a vertex v1 in the neighborhood
vE of v. Otherwise, v0 ∈ V1 and player 1 chooses a neighbor v1 . The play then
proceeds in the same fashion from the new vertex v1 . In this way the two players
create an infinite sequence π = π(0)π(1) · · · = v0 v1 · · · ∈ V ω of adjacent vertices
(π(i), π(i + 1)) ∈ E, called a play. Player 0 wins the play π if π ∈ ϕ. Otherwise,
player 1 wins. G is called ω-regular if ϕ is an ω-regular set. All games considered
in this paper are ω-regular. A strategy for player i is a mapping σ : V ∗ Vi → V
assigning a neighbor of v to each string w ∈ V + with last(w) = v ∈ Vi (where
last(·) denotes the last element of a sequence). π is consistent with σ if for every
n ∈ 0 with π(n) ∈ Vi we have π(i + 1) = σ(π(0) · · · π(n)). σ is a winning
strategy for player i if every play consistent with π is won by player i. The
winning region of player i, written Wi , is the set of vertices v ∈ V , such that
player i has a winning strategy σv from v. It can be shown that in ω-regular
games V = W0 ] W1 [16]. If v ∈ Wi , we say player i wins from v. A subarena
is an induced subgraph (V 0 , E ∩ V 0 × V 0 ) which is again an arena. An i-trap
is a subarena from which player i cannot escape. The i-attractor on S ⊆ V is
the set of vertices from which player i can enforce to visit S and is denoted by
AttrA
i (S). A corresponding strategy is called an attractor strategy (see [13, 14]).
The complement of an i-attractor is a (1 − i)-trap. We will need to use the fact
that a Turing machine can compute an attractor on S in time polynomial in |V |
and |E| (for details see [12]). In this paper we are concerned with only three kinds
of winning conditions: Muller, Streett, and LTL conditions. A Muller condition
is given by a propositional formula φ, using the set V as variables. A play π ∈ V ω
is won by player 0 if the infinity set Inf(π) of vertices seen infinitely often in π is
a model of φ. The equivalent explicit condition is F = {F ⊆ V | F |= φ}. It may
be exponentially larger than kφk. A game G = (A, F) with a Muller condition F
is called a Muller game. A Streett condition is a set Ω = {(R1 , G1 ), . . . , (Rk , Gk )}
of pairs of sets Ri , Gi ⊆ V . A set X ⊆ V violates a Streett pair (R, G) ∈ Ω if
R ∩ X 6= ∅ but G ∩ X = ∅. A play π violates (R, G) if Inf(π) violates (R, G). If
π does not violate any pair (R, G) ∈ Ω, then π satisfies Ω and is won by player
0. Otherwise, player 1 wins. A game G = (A, Ω) with a Streett condition Ω is
called a Streett game. Finally, an LTL condition is one where the set of winning
plays for player 0, ϕ, is given by an LTL-formula3 . If φ is an LTL-formula over
the propositions V , a play π is won by player 0 iff π |= φ. A game with an LTL
condition is called an LTL game.

N

4

Lower Bounds

We investigate lower bounds on the space requirement and latency of any machine implementing a winning strategy for player 0 in certain classes of games.
Proofs are omitted in the present abstract, but can be found in [12]. Let f : →

N
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Introducing LTL is beyond the scope of this paper (see [13, 14]).
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N. Let (Gn )n≥0 be a family of games with Gn = ((Vn , En ), ϕn ) and |Vn | ∈ O(n),

such that no Mealy machine with less than f (n) states implements a winning
strategy for player 0 in Gn . Then we say the family (Gn )n≥0 is f -hard. A class C
of games is f -hard if a witnessing f -hard family (Gn )n≥0 ⊆ C exists. In general,
this definition allows ϕn to be arbitrarily large. However:
Proposition 2. The classes of Muller and Streett games are 2n -hard. The conditions (propositional formulas, set of Streett pairs) of the witnessing families are
n
no larger than O(n). The class of LTL-games has complexity 22 with winning
condition in the witnessing family of size O(n2 ).
A solution scheme for C is a mapping S assigning a strategy machine S(G) to
every G ∈ C which implements a winning strategy for player 0 in G. A function
f: →
is sub-linear if f ∈ O(xq ) for some q ∈ (0, 1). It is well known that,
for every k ∈
and every q ∈ (0, 1), one has log(x)k ∈ O(xq ). Likewise a subexponential function is a mapping f : → for which f ∈ O((2x )q ) = O(2qx )
for some q ∈ (0, 1). All polynomial functions are sub-exponential. For a proof of
the following theorem, see [12]:

N N

N

N N

Theorem 1 (Lower Bounds).
– There is no solution scheme S for the class of Muller games or Streett games
which assigns a strategy machine S(G) to G = ((V, E), ϕ) that has latency
or space requirement sub-linear in |V |. In particular, for no k ∈ can there
be such a scheme with latency or space requirement in log2 (|V |)k .
– There is no solution scheme for LTL-games, assigning a strategy machine
with latency or space requirement sub-exponential in |V | to every LTL-game
G = ((V, E), ϕ). In particular, there can be no such scheme with latency or
space requirement polynomial in |V |.

N

5

Muller and Streett Games

In this section we outline (for formal proofs see [12]) how to construct a polynomial sized strategy machine implementing a winning strategy in Muller and
Streett games. For Streett games we even get a machine with a latency polynomial in the winning condition. We will consider a Muller game G = (A, φ),
A = (V, E), with a propositional formula φ and explicit condition F.
Our construction is based on Zielonka’s algorithm [10], while also using ideas
from [2]. We will define some notation, which will be used subsequently. If V ∈ F,
we define the set max(F) = {V 0 ⊆ V | V 0 ∈
/ F ∧ ∀V 00 ) V 0 : V 00 ∈ F} of all
maximal subsets of V not in F. If X ⊆ V , let F  X := F ∩ P(X) be the
restriction of F to subsets contained in X. The Zielonka tree Z := ZF = (N, λ)
of F is a labeled tree N ⊆ ∗ with labels λ(x) ∈ P(V ) for all x ∈ N . ε is the
root, 1 is the first child of the root, 12 is the second child of 1, and so forth4 .
The root has label λ() = V . Let x ∈ N with label X = λ(x). If X ∈ F then x

N

4

We assume that, if n · a ∈ N , then n · b ∈ N for all 1 ≤ b ≤ a.
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Z4

Ai+1 =
κ(x)
Attr0 (Ui )

AttrX
1 (λ(x) \ λ(ci+1 mod k ))

X

Zi+1

Fig. 1. A play visiting Ui stays in Zi or is “pulled” into Ui−1

has k = | max(F  X)| children c0 , . . . , ck−1 , each labeled with a distinct element
from max(F  X). If X ∈
/ F, we apply the same construction with respect to FC .
The tree obtained in this way is of depth ≤ |V |. A node labeled with a set X ∈ F
is called a 0-level node. The remaining nodes are 1-level nodes.
We will use an additional labeling function κ, which assigns (possibly empty)
subarenas to the nodes in N . The idea of attaching the subarenas to the nodes
in Z is elaborated in [2]. Given x ∈ N , κ(x) is a subarena with the property
that player 0 can win the subgame (κ(x), F  λ(x)) from every vertex in κ(x).
The computation of κ is quite involved and only sketched here (see [2]). If x
is 0-level with label κ(x) and if c is a child of x in Z, the construction is an
κ(x)
attractor computation κ(c) = κ(x) \ Attr0 (λ(x) \ λ(c)). If x is 1-level, one
x
constructs an increasing sequence (Ui )i≥0 of sets of “finished vertices” with
x
U0x = ∅. Let c0 , . . . , ck−1 be the children of x in Z. To compute Ui+1
we remove
κ(x)
Ai+1 = Attr0 (Ui ) from κ(x) and obtain X. Then we remove AttrX
1 (λ(x) \
x
λ(ci+1 mod k )) obtaining Y . Now Zi+1
is taken to be the winning region in the
x
x
subgameS(Y, F  λ(ci+1 mod k )). Then Ui+1
= Ai+1 ] Zi+1
. The label of ci is
x
κ(ci ) = j≡i (mod k) Zj . The intuition is that, once a play reaches Uix for some
x
i, it must either stay in Zix or will be forced into Ui−1
. This can only happen
finitely many times, so the play will eventually stay in one Zix ⊆ λ(ci mod k ) (i.e.
in the subtree below ci mod k ) or it must leave the entire subarena κ(x) (i.e. the
subtree under x). The situation is depicted in Fig. 1.
S
Lemma 1 ([10, 2]). In the above notation, if W0 = V then κ(x) = i Uix . Furthermore, player 0 wins from every v ∈ Zix in the subgame (Zix , F  λ(ci mod k )).
The sequence (Uix )i≥1 becomes stable after ≤ k·|V | steps. We use the superscript
x to indicate the (1-level) node for which the sequence has been computed.
We will now describe an adaptive strategy machine M implementing a winning strategy for Muller games. By “adaptive” we mean that the machine continuously refines the memory state it maintains, until eventually a sufficient amount
of information is computed to win the play. As a consequence, we must prevent
player 0 from inadvertently leaving W0 during the adaption phase. Hence, we
assume W0 = V , which can be achieved by preprocessing. Since we are interested in representing a winning strategy succinctly, not in deciding the game,
this is no restriction. M will store paths in Z on its memory tape. By a path we
mean one that begins in the root and ends in a leaf. In addition, M will store
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the labels λ(x) and κ(x) for a given node x on the path. Say the current path
is p = p(0), . . . , p(m). Given an input v ∈ V the machine will then traverse the
path and find the unique lowest node p(i) such that v ∈ κ(p(i)). The idea is to
then play according to the classical Zielonka strategy: If p(i) is 0-level, M plays
an attractor strategy on the set λ(p(i)) \ λ(p(i + 1)). Otherwise, it will compute
p(i)
the minimal t with v ∈ Ut
(which exists by Lem. 1) and either update the
p(i)
memory state (if v ∈ Zt
to a path through the (t mod k)-th child of p(i),
p(i)
where k is the number of children
S of p(i)) or itxwill attract to Ut−1 .
Unfortunately, since κ(c) = i≡j (mod k) Zi is expensive to compute if c is
the j-th child of a 1-level node x, the memory update in this approach is costly.
Computing the sequence (Zix )i≥1 requires solving a subgame for every i. Also, to
retain all of this information, either in the control states or on the memory tape,
would yield a controller of exponential size (or exponential space requirement)
in |V |. Therefore the idea is to spread the computation of the sets (Uix )i≥0 and
(Zix )i≥1 across multiple iterations of M. This is achieved using an auxiliary
Turing machine Mκ , which on input λ(x) ∈ F and κ(x) computes the number
kx of children of x and (Uix )i≥0 , (Zix )i≥1 , or rather a compact representation
of the same (see below). We attach configurations c of Mκ to the parent of
those 0-level nodes x, for which κ(x) is currently being computed. We will store
the labels κ(x) where they have been computed. For 1-level nodes we also store
(Uix )i≥0 , (Zix )i≥1 (compactly represented), once available.
There are two obstacles: First, the path may need to be updated, whereby
some sets κ(p(i)) already computed are lost. In Lem. 2 we show that this is
tolerable. The second problem is storing the sequence (Uix )i≥0 . It may contain
exponentially many sets (recall that it becomes stationary after ≤ k · |V | steps,
where the number k of children of x may be exponential in |V |). In the next
paragraph, we give a compact representation of the sequence (Uix )i≥0 which
allows us to recompute the sets Zix and Uix efficiently for any i.
x
If Dix = Uix \ Ui−1
then Dix 6= ∅ for at most |V | indices i. Given (Dix )i≥1 , one
Si−1
κ(x)
x
x
x
obtains Zix by computing Ui−1
= j=1 Dix and A = Attr0 (US
i−1 ). Then Zi =
x
Ui \ A. If c is the j-th child out of kx children of x, then κ(c) = i≡j (mod kx ) Zi .
Thus, it is sufficient to store the number kx of children of x as well as Dx =
{(Dtx , bin(t)) | Dtx 6= ∅}, where bin(t) is the binary representation of t, in order
to compute Zix and κ(c) for any child c of x and any i. This representation
requires space in poly(|V |). Computing Zix and the label κ(c) requires time in
poly(|V |, |E|).
The memory tape will contain a labeled path p in Z, written as a sequence of
triples p(i) = (ni , λ(p, i), θ(p, i)). The i-th node is n1 · · · ni ∈ N ⊆ ∗ , which, by
abuse of notation, is denoted by p(i) as well. p(0) is always the root. By convention, n0 = 0. We let λ(p, i) = λ(n1 · · · ni ). For θ(p, i) we have three possibilities.
θ(p, i) = κ(p, i) if this label has already been computed and if p(i) is 0-level.
If p(i) is 1-level with kp(i) children, then either θ(p, i) = (κ(p, i), Dp(i) , kp(i) ), if
the set Dp(i) has been computed, or θ(p, i) = (κ(p, i), c) for some configuration
c of Mκ , otherwise. Finally, θ(p, i) = ∅ if the computation has not proceeded
this far down the path (note that invoking Mκ on any node n1 · · · ni requires

N
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κ(n1 · · · ni−1 )). We will refer to p as a memory path (see Fig. 2). Storing p requires space in poly(|V |, SMκ ), where SMκ is the space requirement of Mκ .

(ni−1 , λ(p, i − 1), κ(p, i − 1))

finished

p
(ni , λ(p, i), κ(p, i), c)

active

position i
(ni+1 , λ(p, i + 1), ∅)

untouched

Fig. 2. A Memory Path p

A node with θ(p, i) = ∅ is called untouched. One with θ(p, i) = (κ(p, i), c) is
called active (note that it must be 1-level). Nodes which are neither active nor
untouched are finished and necessarily have a κ-label. We require that, for any
memory path p, either all nodes are finished or there exists precisely one node
which is active. Since κ(p, i) can only be computed when κ(p, i − 1) is available,
any memory path p with an active node p(i) satisfies that all p(j) with j < i are
finished and all p(r) with r > i are untouched.
In addition to the auxiliary machine Mκ we will also make use of an auxiliary
machine Mλ , which computes the labeling function λ. Both auxiliary machines
Mλ and Mκ are used implicitly, as subroutines, by M. Their runtime and space
requirement affect the bound on the latency and space requirement of M we give
below5 . We will assume M has access to a representation of A and of the winning
condition φ in its state space. We do not give the exact construction here (see
[12]), but we point out that this requires a number of control states and query
time in poly(|V |, kφk).
Formally, M proceeds as follows. The initial memory path pI is obtained by
setting n0 = · · · = nr = 0. We choose r, such that n1 · · · nr ∈ N is a leaf. Let i be
minimal with the property that n1 · · · ni is 1-level (i.e. either i = 0 or i = 1). If i =
0, set pI (0) = (n0 , λ(pI , 0), (V, cI )), where cI is the initial configuration of Mκ .
Otherwise, pI (0) = (n0 , λ(pI , 0), V ) and pI (1) = (n1 , λ(pI , 1), (κ(pI , 1), cI )). The
properties of θ described above then imply p(j) = (nj , λ(pI , j), ∅) for all j > i.
The memory update below will ensure that, for any memory path p, the highest
node p(i), such that κ(p, i) is not yet available (i.e. θ(p, i) = ∅), is 0-level. Note
that pI satisfies this invariant. Additionally, we assume that for any memory
path p either all sets κ(p, i) are computed or there exists an active node. The
memory update will also preserve this invariant.
Suppose the input to M is v ∈ V and the current path is p of length kpk. By
assumption, the highest node in p for which κ has not been computed is 0-level.
Let i be the maximal index with θ(p, i) 6= ∅ and v ∈ κ(p(i)), i.e. κ(p, i) has been
computed and contains v. We call this node the NOI (node of interest). Finding
5

Note that Mλ may need Ω(2|V | ) steps to produce a label. Depending on φ, this
can be improved (see results on Streett games, Thm. 3). We cannot spread out this
computation over several iterations (c.f. Rem. 1 on page 11).
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the NOI is in poly(|V |), as the space requirement of a triple (ni , λ(p, i), θ(p, i)) is
independent of SMκ if p(i) is finished. We assume that i < kpk (the case i = kpk
requires only minor modifications). Note that under this assumption we either
have v ∈
/ κ(p, i + 1) or κ(p, i + 1) has not been computed yet (i.e. θ(p, i + 1) = ∅).
We distinguish these two cases:
(a) κ(p, i + 1) has not been computed yet. Then p(i) is 1-level by assumption.
Furthermore, p(i) must be active. Let θ(p, i) = (κ(p, i), c) where c is a configuration of Mκ . Assume first that c is not a terminal configuration, i.e.
Mκ requires more computation steps. Then M simulates another computation step of Mκ and replaces c by its unique successor configuration c0 . M
outputs an arbitrary vertex neighboring v in κ(p, i). This requires a number
of steps in poly(|V |, |E|).
If c is a terminal configuration we replace c by the set Dp(i) and the integer
kp(i) , which have been computed. We then compute κ(p, i + 1) from Dp(i) .
If i + 1 < kpk, then we also compute κ(p, i + 2). This is an attractor on the
set λ(p, i + 1) \ λ(p, i + 2), as p(i + 1) is 0-level. Finally, if even i + 2 < kpk,
we set p(i + 2) active, i.e. we replace θ(p, i + 2) = ∅ by (κ(p, i + 2), cI ). All
these steps need time in poly(|V |, |E|).
For the next move, we distinguish v ∈
/ κ(p, i + 1) and v ∈ κ(p, i + 1). If
p(i)
v ∈
/ κ(p, i + 1), M computes the minimal t with v ∈ Ut
(note that this
can be done while computing κ(p, i + 1) above). Then v is either in the 0p(i)
p(i)
attractor to Ut−1 or v ∈ Zt . In the first case, M outputs according to the
corresponding attractor strategy. Otherwise, M updates its memory state
to a path through the corresponding child of p(i). This requires O(|V |·TMλ )
steps, where TMλ is the runtime of Mλ . If v ∈ κ(p, i + 1), M outputs an
arbitrary neighbor of v in κ(p, i + 1).
(b) κ(p, i + 1) has been computed. We proceed as the usual Zielonka strategy
indicates: If p(i) is 0-level, we play an attractor strategy on the set λ(p, i) \
λ(p, i + 1), updating the memory path if necessary. Otherwise, p(i) is 1p(i)
level. Then we compute the minimal t with v ∈ Ut
and play an attractor
p(i)
strategy on Ut , or we update the memory to the leftmost path through
the unique child c of p(i) with Zt ⊆ κ(c) and output an arbitrary neighbor
of v in κ(c). Again, all of this is feasible in time in poly(|V |, |E|, TMλ ).
The proofs of the following two lemmas can be found in [12]:
Lemma 2. M, as described above, implements a winning strategy for player 0.
Note that the size of M depends only on the representations of A and φ it
uses, as well as on kMλ k and kMκ k. Those representations can be implemented
with a polynomial number of control states. All other parts of the machine are
independent of the size of A or φ. Let TMλ and SMκ denote the runtime of Mλ
and the space requirement of Mκ .
Lemma 3. Let G = (A, φ) be a Muller game, where A = (V, E) and φ is
a propositional formula. There exists a strategy machine M of size kMk ∈
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poly(|V |, kφk), space consumption S(M) ∈ poly(|V |, SMκ ), and latency T (M) ∈
poly(|V |, |E|, TMλ ) which implements a winning strategy for player 0.
Using that solving Muller games is in Pspace [3, 4, 17] we can show SMκ ∈
poly(|V |, kφk) (see [12]). Also, TMλ ∈ O |V | · log2 (|V |) · max{|F|, |FC |} , where
F is the explicit condition for φ. For a proof of the next theorem, see [12]:
Theorem 2. For any Muller game G = (A, F), where A = (V, E) and F is
given by a propositional formula φ: There exists a strategy machine M of size
kMk ∈ poly(|V |, kφk), space consumption S(M) ∈ poly(|V |, kφk), and latency
T (M) polynomial in |V | + |E| and linear in max{|F|, |FC |}.
Remark 1. Unlike the situation of computing κ, we cannot spread out the computation of Mλ across the infinite play, because we do not have a compact
representation of the sets λ(x0 ), . . . , λ(xk ) (if x0 , . . . , xk are siblings). For κ(xi )
the set Dx provides such a compact representation.
Muller games are usually solved via latest appearance records [18, 17], yielding
a Mealy machine of size |V | · |V |!. The straightforward simulation (c.f. Prop.
1) of this machine is of size |V |2 · |V |!. The size we obtain is exponentially
lower, at the price of an exponentially longer latency. For Streett games we
can improve the bound on TMλ . Every Streett condition Ω is equivalent to
FΩ = {X ⊆ V | X violates no pair in Ω}. We can show (for details, see [12]):
Proposition 3. Let Ω be a Streett condition. Then there exists a machine Mλ
computing λ with runtime polynomial in |V | and |Ω|.
With Prop. 3 and Lem. 3 one shows (see [12]):
Theorem 3. Let G = (A, Ω) be a Streett game. Then there exists a strategy machine M of size kMk ∈ poly(|V |, |Ω|), space consumption S(M) ∈ poly(|V |, |Ω|)
and latency T (M) ∈ poly(|V |, |Ω|).
Streett games are usually solved using index appearance records [19, 13]. This
yields a Mealy machine with |Ω|2 · |Ω|! states. The straightforward simulation
(Prop. 1) gives a strategy machine of size O(|Ω|2 · |Ω|! · |V |) and latency O(|Ω|).
We significantly reduce the size while the latency remains polynomial in |Ω|.

6

Conclusion and Future Work

We introduced the formal model of a strategy machine, based on Turing machines. We showed how different new criteria of a strategy – latency, space requirement and size – fit into this model, providing general lower bounds for the
classes of Muller, Streett, and LTL games. Using this model one can obtain polynomial sized machines with polynomial space requirement implementing winning
strategies in Muller games. The runtime is linear in the size of the winning condition. This machine adapts the strategy as the play proceeds and critically
relies on the fact that costly computations may be spread out over the course
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of several iterations. We were able to show that in the special case of a Streett
game the very same algorithm can be made to work with a polynomial latency in
the size of the arena and of the number of Streett pairs. The space requirement
and size of all our strategy machines are polynomial in the size of the winning
condition (given by a propositional formula) and of the arena. Altogether, this
is an exponential improvement over the straightforward way of transforming a
Mealy machine into a strategy machine via a case distinction over all inputs.
This approach results in a machine of exponential size in general.
We plan to extend these results to other kinds of ω-regular games. We have
partial results on Request-Response games. Considering latency, space requirement, and size, we would like to find relations between the parameters indicating
the nature of a trade-off. Also, infinite-state strategies lend themselves to a closer
study based on our model. Finally, using an adaptive strategy raises the question
of how long the adaption takes. We try to address this in current research.
Acknowledgments The author would like thank Wolfgang Thomas and Christof Löding for their helpful comments and suggestions.
Addendum In this note, we repair an omission of the paper above and address related work that appears in the last section of [2]. There p-automata, a
kind of synchroznied product of finite automata, are used to model strategies,
and a procedure to find polynomial sized p-automata, based on Zielonka’s construction, is outlined. If the latency of a strategy machine is bounded, there
is a translation of strategy machines to p-automata preserving polynomial size.
While both approaches use Zielonka’s construction, our contribution is a fine
grained analysis of all complexities involved (latency, space, requirement, and
size, all parameterized by representations of arena and winning condition), an
adaptive strategy machine, and a differentiation between static memory (control
states) and dynamic memory (memory tape) of a strategy.
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